Powertrains have been applied extensively in machines, energy systems and industry. A drive system can contain different parts like shafts, joints and disks. The shaft axes may be misaligned with each other (non-collinear), depending on the powertrain system application. Such two shafts can be connected through a non-constant velocity Hardy-Spicer joint, which transform a constant input velocity into a periodically fluctuating one. As a result, the mechanism is parametrically excited and may cause resonances. Herein, the shafts include a flexible rod with a torsional stiffness and viscous damping. The polar inertia moment of each shaft is simulated with two discrete disks at its ends. After linearization via McLaurin series, the equations of motion consist a set of Mathieu-Hill differential equations with periodic coefficients. The influence of the system geometry and inertia moment on the stability of shaft system are the chief subjects. Parametric instability diagrams were obtained by means of Floquet theory. The graphical-numerical results are validated with the frequency analytical results. Ultimately, the stability areas have revealed in the parameter spaces of angular velocity, misalignment angles and disks inertia. The results were illustrated that by changing the system inertia and geometry, stabilizing the system is achievable.
Introduction
Mechanical driveline machines are used to transmit torque and rotatory motion in various powertrain systems like rotating machines. Shaft systems are the most prevalent rotary powertrain systems, which have many applications due to high rotating speed and low weight capability. These systems, which are composed of rigid or flexible shafts connected through various couplings or joints, transmit the driving motion to the driven shaft. Based on the application, the axes of two shafts can be misaligned. The significant component of the drive train is the joint, which interconnects the driver (driving) and driven shaft. Joints such as Hooke's joint, universal joint, Hardy-Spicer joint or Cardan joint are applied flexible connection throughout a change of drive angle in limited space. It is frequently used in various types of industrial drivelines. These couplings have numerous advantages including high stiffness, facile maintenance and low price. However, the main disadvantage of them is turning a constant input velocity to a periodically fluctuating one. Therefore, alternating parametric excitation is made by such joints in the whole mechanism. Drive train deals with rotational energy (torsional oscillation) during operation. Simulation of such powertrains and determining instability areas are the main issue of many studies.
Recently, vibration and stability of rotordynamics have been analyzed by many researchers experimentally, numerically and analytically [1] [2] [3] [4] [5] [6] [7] . Some of these investigations have concentrated on the behavior of mechanisms and couplings [8] [9] [10] [11] [12] . Asokanthan and Hwang [13] used the averaging method and obtained a closed-form function for dynamic instability zones related to combination resonance. Asokanthan and Meehan [14] considered a two-Degree-of-freedom (two-DOF) nonlinear model. Mazzei [15] investigated the resonances of a Ujoint driveline system. Bulut and Parlar [16] considered a two-DOF model. Their system consists of two torsionally elastic shafts connected through a Hooke's joint. They linearized the equations of motion (EOM) and stability of the solutions were analyzed numerically. Moreover, the connected shafts in the drive system of the rolling mill was studied by Shi et al. [17] . The effects caused by the U-joint angle and the impact on the dynamic stability of the rotary system was analyzed and the nonlinear torsional vibration model of the shaft system which includes parametric excitation was investigated. Then, Amer et al. [1] considered the torsional oscillations of a rolling mill like that had been studied by Shi et al. [17] . The vibration of shaft system was controlled by using active control. The worst resonances were determined and the steady state response of the driveline were investigated numerically. Ultimately, the behavior of a two-axis driveline system was analyzed by SoltanRezaee and Ghazavi [18] . It is necessary to note that in all of the mentioned papers, the inertia of shafts was ignored or modeled only with one disk.
There are a few researches on the torsional vibration of a shaft system which involves more than one rotary disk on each shaft. Alugongo [19] proposed a two-axis model for analyzing torsional vibration of a propeller shaft with a crack-induced excitation, by considering the elasticity and energy of the system. Jinli et al. [20, 21] considered the transmission system. The mathematical model was solved by the state space method and the effect of the joint angle on the vibration was obtained.
To the best knowledge of the authors, dynamic stability of a multi-body disk-shaft system connected through flexible joints has not been analyzed yet. The current powertrain system consists of two elastic shafts interconnected through a non-constant velocity joint. Each shaft is modeled with two discrete rotary disks at its ends. The differential equation set of torsional vibration of two-DOF model with periodic coefficients are derived. The influence of angle variations of the joint and inertia of system on the stability of a power train system are the main parameters which are analyzed in detail via the monodromy matrix method. This reliable, exact technique can find any resonance in a parameter space and presents the results in the form of the instability graphs. In order to provide validation, the analytical results (parametric resonances) are compared with the numerical ones (Monodromy diagram peaks). Finally, stabilizing method by changing the system parameters is discussed.
Modelling
Consider a powertrain system, including two shafts, which are driven through a mechanical coupling (Fig. 1) . The shafts include a flexible bar with a torsional stiffness and viscous damping coefficient of ki and ci, respectively. At both ends of each shaft, there is a disk with a rotary inertia of Jj. The driveline system can be driven by an electric motor or a mechanical drive with a constant angular velocity of 0. This system with angular misalignment of α. The subsequence assumptions are made to reduce the shaft system to the model in the following equations: 1 -Each shaft is uniform, balanced and symmetric across its axis. 2 -The powertrain system is only loaded in torsion and the lateral oscillations are prevented via bearings. 3 -The joints are ideal and have no clearance, depreciation and friction. 4 -The kinematic of J2 and J3 is differentiated and related by the coupling.
2-1-Kinematics The torsional equations of motion of the system can be obtained by a combination technique. The driveline is considered as two separate parts (the driving and the driven shaft) with double disk at the ends of each shaft. The equations of motion for rotational dynamics of each rigid disk by using Newton's Law can be derived as
The relation between input and output angular velocity and the transferred torque of the joint is stated as [22] ) 5 ( 
Herein, the derivations of angular positions of disks (j) and their relations with torsional coordinates (i) can be computed as ) 6 (
Finally, Eqs. (10) and (11) are the torsional EOM of the multi-body two-DOF system model. (10) and (11) represent non-linear equations for oscillation of powertrain system. These equations can be linearized via McLaurin series and neglecting the nonlinear higher order terms under the assumptions of small oscillation amplitudes and frequencies.
The approximation of the transfer ratio of a Cardan coupling, by the first two terms of McLaurin series is Figure 1 . Schematic model of a shaft system: the driving and driven shafts can be in different planes.
where  is the dimensionless time and
The system consists of equations with -periodic coefficients (  ). The matrix-vector form can be written as .
Dimensionless equation It is more convenient to write the governing equation in dimensionless form. To this end, the torsional coordinate's derivatives with respect to non-dimensional time are recomputed and the following dimensionless parameters are introduced:
where  and  are the non-dimensional terms of damping ratio and angular velocity, respectively. Finally, the EOM for torsional oscillation of powertrain system model Eq. (15) with respect to Eqs. (16) and (17) can now be non-dimensionalized as 
Analysis
Eq. (18) 
where 0 and I are zero and unit matrices, respectively. It is a first order form of the EOM with a π -periodic matrix. In this work, dynamic stability zones are investigated by means of a numerical method that is called monodromy matrix [23] . It determines the stability areas and resonance conditions of a system with parametric excitation. However the monodromy method is very computationally intensive, it has several advantages over other techniques. For example, it is exact and can find any dynamic instability in a parameter space of a system with periodic coefficients. The instability occurs whenever the associated eigenvalues of the system have a positive real part in a parameter space during the time period. The results are instability graphs, which include a pair of system parameters. The solutions are obtained by means of 4th-5th order Runge-Kutta-Fehlberg method and the error control tolerance is taken 10 -7 . It is clear that the location of instability regions (resonance areas) on the figures depends on the natural frequencies of system. The k-th order harmonic and subharmonic resonance zones related to the i-th vibration mode as well as the difference and sum type combination resonance zones are given by ) 20 ( 
Results and discussion
For the verification, the results of analytical solution are compared with the numerical one. The analytical results are obtained by substituting the natural frequencies in Eq. (20) and the numerical results are the graphs which are obtained by means of the monodromy matrix method.
4.1.
Analytical analysis A case with these assumptions is considered: two shafts are aligned (=0 rad) so =1 and'="=0, the system has not damping (=0), all disks inertia as well as shafts properties supposed to be identical and the input non-dimensional angular velocity is unitary (=1). According to the fast Fourier transform algorithm under these assumptions, the frequency response of model can be figured. As shown in Fig. 2 , the diagram peaks show the natural frequencies of multi-body system.
The first and second order harmonic, sub-harmonic, difference and sum combination resonance zones related to the fundamental vibration modes of driveline are reported in Table 1 .
The analysis of dynamic stability is done via the monodromy matrix method based on the assumptions that the natural frequencies in Fig. 2 were achieved. Fig. 3 illustrates the results of stability analysis where the colored points (shaded zone) shows the unstable areas. The vertical axis displays the coupling angle, and the horizontal axis depicts the non-dimensional angular velocity. It should be noted that the characteristics of shafts are taken identical and the damping ratio is equal to 0.0003 in the numerical case studies.
The location of unstable points on the diagram depend on the natural frequencies of model. The peaks of colored areas on the horizontal axis are equal to the computed points on Table (1). Certain instability regions, which are previously calculated analytically, are labeled. This was achieved in order to provide an idea about the various types of dynamic instabilities in the assumed parameter space. A perusal of Fig. 3 demonstrates that the location of the analytical results as reported in Table 1 , are in agreement with the peaks of the numerical ones. As a result, a more accurate investigation which shows the impact of other modes may be performed.
Generally, by increasing the angle from zero (where no excitation exists), the unstable zones extend and become wider. It is seen that different types of instability regions are revealed including combination resonance zones. The resonances, which are associated with low oscillation mode, have more clarity. Usually, the peaks depending on higher system natural frequencies occur in high misalignment (e.g. ΩH, 22 and ΩS,22) . Furthermore, by increasing the angle of misalignment (the angle between intersecting shaft axes), new unstable areas emerge that are not practically important. Case studies Identification and detailed investigation of factors that affect the dynamic stability of powertrain is necessary. To this end, several cases are evaluated. One of the most remarkable factors is the system geometry. The system geometry includes the Hooke's angle (the angle between two yokes of coupling). Often in practice, these angles are considered to be less than 1 rad in disk-shaft mechanisms and the impact of geometry in this range is evaluated. The inertia of driveline is another factor that affects the stability and can be checked. The rigid disks represent the pulley or gear that may be attached to the shaft or addressed the rotary inertia of model. The results are charts which include a pair of the present model parameters and show the system stability. In all of these cases, the stability is verified point by point.
In order to evaluate the effect of the system inertia moment, two amounts are considered for the driven diskshaft. To depict the inertia impact of multi-body system, the inertia of the second shaft is five times greater than the first one (Fig. 4) . By comparison between Figs. 4 and 3, it can be observed that as driven shafts inertia increase, the peaks shift toward a lower velocity that should be considered in designing. By analyzing graphs, it can be deduced that increasing the system inertia has a significant stabilizing effect. In addition, many unstable regions are close together or merged, so that they are not explicitly recognizable. Now, the inertia effect of the fourth disk, which is on the end of the driven shaft (the output segment of the multibody system) is investigated (Fig. 5 ) in a system with some specified parametric values (=1 and =5). It can be concluded from comparing Fig. 5 with 3 , that by changing the disk inertia, the peak position varies. Consequently, the natural frequencies of the powertrain system decrease when inertia ratio increases. This is more pronounced, particularly at low velocity which converts the system to an unreliable one. By comparison between Figs. 4 and 5, it is clear that the effects of driven shaft inertia are different than that of the final disk, quantitatively. The reason is that unstable zones have considerably changed. Therefore, the dynamic behavior and parametric instabilities of the driveline system are not certain and exactly predictable, in some cases. This fact demonstrates the significance of quantitative analysis. Figs. 6 and 7 exhibit another stability diagram in which the geometry is fixed (the value of coupling joint is fixed, =0.5). In these Figures, the vertical axis shows  (the ratio of the fourth disk inertia to the second one). The difference of figures is that in Fig. 6 , =5 but in Fig.7 . In these diagrams, the qualitative analysis is more important than quantitative. By analyzing graphs, it can be found that the disk inertia has apparent influences on resonance zones especially in low velocity ratio. Moreover, this parameter variation leads to change in the natural frequencies (because the zones are not parallel to the vertical axis), that shift the peaks of resonance zones toward left. It is the result of increasing convergence of the natural frequencies of model. It was predictable from the comparison between Figs. 4 and 5 by 3 as well as present relations. As the convergence is increased, there are unstable zones that merge. Furthermore, there are unstable zones that become smaller or disappear as the inertia ratio is increased. Another significant issue in Figs. 6 and 7 is that the displacement of unstable areas are gradually decreased by enhancing the polar inertia moment ratio, more and more. In the other words, the parallelism of the instability zones with the vertical axis is further in the top of the diagram. Eventually, it should be remarked that, with increasing the inertia ratio, the driven shaft tends to remain stationary. As a result, the vibration modes are approach a situation in which the driven shaft has a fixed state.
By comparison between Figs. 6 and 7, it can be observed that as the third disk inertia increases in addition to the last one, the peaks shift toward a lower velocity, intensely. Also, some unstable areas are close together or merged, hence they are not identifiable obviously. Stabilizing An important topic is that by varying the geometry (the coupling angle), the model behavior can be changed from unstable. On the other hand, one more applied issue is that by changing the system inertia, stabilizing the drivelines is achievable. Taking the point  =1.28, ==1 (the inertia moments of both shafts are considered identical) and =0.5 rad. In Fig. 3 it was illustrated that the system at this point is unstable. In Fig. 4 (the inertia of driven shaft is five times greater than the first one; =1.28, =, =5 and =0.5 rad), this point was in stable situation. In fact, increasing the inertia ratio caused the response stability at this point stabilizing without altering the geometry and only with changing the system parameter is very valuable, which is practically useful. It is remarkable when the power transmission mechanism should be operated in conditions which are in a parametric instability. When resonance happens, the shaft-coupling mechanism can be stabilized by changing the vibration modes and natural frequencies.
Conclusion
Herein, behavior of a powertrain system was simulated and stability conditions were identified. The multi-body system includes two shafts linked through mechanical coupling. The EOM consists of a set of differential equations with periodic coefficients, which was examined numerically. The polar inertia moment of each shaft is modeled by two discrete inertia disks at its ends. The influences of the geometry, the angular velocity and the system inertia were investigated. The results have been illustrated in the stability diagrams and were discussed in different parameter spaces. Harmonic, sub-harmonic and combinational resonances related to vibration modes exist in each graph. Eventually, the unstable situations and parametric resonances were analyzed in detail and some solutions for stabilizing were presented. The achieved results are as follows:
Modelling of shaft inertia with double-disk causes more accurate responses, which is very significant for verify the drivelines. Accordingly, the simulation is appropriate for behavior identification of typical powertrains used in several machines and vehicles.
Increasing the rotary inertia of driven shaft result in narrower instability areas. Also variation of this parameter leads to the change in the oscillation modes as well as the natural frequencies and shifts the peaks of instability zones.
By changing the joint angle and system inertia, stabilizing the powertrain system is possible. System stabilization without changing the geometry and only with modifying the system parameters is practical. 
